We present new sets of proton fragmentation functions (FFs) describing the production of protons from the gluon and each of the quarks, obtained by a global fit to all relevant data sets of singleinclusive electron-positron annihilation. Specifically, we determine their uncertainties using the Gaussian method for error estimation. Our analysis is in good agreement with the e + e − annihilation data. We also include finite-mass effects of the proton in our calculations, a topic with very little attention paid to in the literatures. Proton mass effects turn out to be appreciable for gluon and light quark FFs. The inclusion of finite-mass effects tends to improve the overall description of the data by reducing the minimized χ 2 values significantly. As an application, we apply the extracted FFs to make predictions for the scaled-energy distribution of protons inclusively produced in top quark decays at next-to-leading order, relying on the universality and scaling violations of FFs.
Generally, there are two main approaches to evaluate the FFs. The first approach is based on the fact that the FFs for hadrons containing a heavy quark or antiquark can be computed theoretically using perturbative QCD (pQCD) [7, 8] . The first theoretical attempt to explain the procedure of hadron production from a heavy quark was made by Bjorken [9] by using a naive quarkparton model. He deduced that the inclusive distribution of heavy hadrons should peak almost at z = 1, where z refers to the scaled-energy variable of hadrons. The pQCD framework was applied by Peterson [10] , Suzuki [11] , Amiri and Ji [12] , while in this framework Suzuki calculates the heavy FFs by using a convenient Feynman diagram and considering a typical wave function for the hadronic bound states. One of us, using Suzuki's approach, has calculated the FFs for a charm quark to split into S-wave D 0 /D + mesons [13] and for a gluon to split into S-wave charmonium states (η c , J/ψ) [14] at leading order in the QCD coupling constant α s . In the second approach which is frequently used to obtain the FFs, these functions are parametrized in a specific model and extracted from experimental data analysis using the data from e + e − reactions, lepton-hadron and hadron-hadron scattering processes. This situation is very similar to the determination of the parton distribution functions (PDFs) [15] . Among all scattering processes, the best processes which provide a clean environment to determine the FFs are e + e − annihilation processes. However, without an initial hadron state one can not separate quark distributions from antiquark distributions. There are several theoretical studies on QCD analysis of FFs which used special parameterizations and different experimental data in their global analysis. Recent extracted FFs for light hadrons are related to AKK [16] , SKMA [17, 18] , LSS [19] , DSEHS [20] , DSS [21, 22] and HKNS [23] collaborations who used different phe-nomenological models and varying experimental data. In [17, 18] , we determined the π ± and K ± FFs, both at leading order (LO) and NLO through a global fit to the single-inclusive e + e − annihilation (SIA) data and the semi-inclusive deep inelastic scattering (SIDIS) asymmetry data from HERMES and COMPASS. There, we broke the symmetry assumption between the quark and antiquark FFs for favored partons by using the asymmetry data. In this paper, we present a new functional form of proton FFs up to NLO, obtained through a global fit to SIA data from LEP (ALEPH and DELPHI collaborations), SLAC (SLD and TPC collaborations) and DESY (TASSO collaboration) [24] [25] [26] [27] [28] [29] . We also impose the effects of the proton mass on the FFs, a topic with very little attention paid to in the literatures, e.g. [17] [18] [19] [20] [21] [22] [23] . We show that this effect is important in calculating gluon and light quark FFs, specifically at low energies. This effect reduces the minimized χ 2 and makes a more convenient fit. In the Standard Model (SM) of particle physics the top quark has a short lifetime (τ t ≈ 0.5 × 10 −24 s [30] ), so it decays before hadronization takes place. Therefore its full polarization content is retained when it decays. As was mentioned, one way to study its properties is to consider the energy distributions of the produced hadrons in top decays. Here, we also make predictions for the scaledenergy distribution of protons inclusively produced in top quark decays, t → W + + b(→ p + X), using the extracted FFs at our analysis and the parton-level Wilson coefficients calculated in [3, 4] . These predictions will also enable us to deepen our understanding of the nonperturbative aspects of proton formation by hadronization and to pin down the proton FFs. This paper is organized as follows. In section II we describe the formalism and our parametrization of proton fragmentation functions at LO and NLO. Using the SIA data we present our fit results and shall compare our results against FFs from other well-known collaborations. We also describe the Gaussian method to calculate errors in our analysis. In section III, we explain how to impose the effect of the hadron mass on the FFs and compare our results in both cases. Our predictions for the energy spectrum of protons produced in unpolarized top quark decays are presented in section IV. Our results are summarized in section V.
II. QCD ANALYSIS OF PROTON FRAGMENTATION FUNCTIONS

A. Formalism
FFs are nonperturbative functions describing the hadronization processes, so they have an important role in the calculation of single-inclusive hadron production in any reaction. According to the factorization theorem of the parton model [31] , the leading twist component of inclusive production measurement of any single hadron can be written as the convolution of perturbative partonic cross sections, with nonperturbative FFs and PDFs to account for any hadrons in the initial and final states, respectively. As an example, the cross section for the production of hadron H in the typical scattering process A + B → H + X, can be expressed as [32] 
where a and b are incident partons in the colliding initial hadrons A and B, respectively, f a/A and f b/B are the PDFs at the scale Q 2 of the partonic subprocess a + b → c + X, c is the fragmenting parton (either a gluon or a quark) and X stands for the unobserved jets. Here, D 
where, σ tot is the total partonic cross section at NLO [34] and D H i indicates the probability to find the hadron H generated from a parton i(= g, u/ū, d/d, · · · ) with the scaled-energy fraction x H = 2E H / √ s so that s = q 2 stands for the squared of the four-momenta of the intermediate gauge bosons γ and Z. In (2), x i is also defined in analogy to x H as x i = 2E i / √ s and the dσ i /dx i are the differential cross sections at the parton level for the iī pair-creation subprocesses; e + e − → (γ, Z) → iī + (g), which can be calculated in perturbative QCD [35] [36] [37] . In the equation above, µ R and µ F stand for the renormalization and factorization scales respectively, so one can use two different values for these scales; however, a choice often made consists of setting µ 2 F = µ 2 R = Q 2 and we shall adopt this convention in our work. In section III, we shall review the factorization theorem in detail and extend it in the presence of the hadron mass. There are several different strategies to extract the FFs from data analysis. In the present analysis we adapt the zero-mass variable-flavor-number (ZM-VFN) scheme [34] . This scheme works best for high energy scales, where the heavy quark masses are set to zero from the start and the nonzero values of the c-and b-quark masses only enter through the initial conditions of the FFs. In this scheme, the number of active flavors also increases with the flavor thresholds.
B. Parametrization of proton FFs
In the phenomenological approach, the FFs are parametrized in a convenient functional form at an initial scale µ 0 at each order, i.e. LO and NLO, and then evolved to higher scales using the DGLAP evolution equations to fit to the existing experimental data. Various phenomenological models like Peterson model [10] , Power model [38] , Cascade model [39] etc., have been developed to describe the FFs. At the initial scale µ 0 , we apply the following flexible functional form for the proton FFs
which is an appropriate form for the light hadrons. Here,
is the energy fraction of the parton i which is taken away by the produced proton. A simple polynomial parametrization with just three parameters controls the small-and large-z regions so that in (3), the power term in z restricts the small-z region and the power term in (1-z) emphasizes the large-z region. To control the medium z-region and to improve the accuracy of the global fit the extra term [1−δ i e −γiz ] is considered [17] . In order to get the best fit we assume δ i = 1 for light quarks and δ i = 0 for the gluon and heavy quark FFs. The free parameters N i , α i , β i and γ i in the proposed form are determined by minimizing χ 2 for differential cross section and experimental data
Here, T j and E j stand for the theoretical results and ex
is the error of the corresponding experimental data including the statistical and systematical errors. According to the partonic structure of the proton p(uud) and the general functional form presented in (3), we consider the following forms for light-quark FFs
where the assumption δ i = 1 is used. For the gluon and heavy quark FFs, considering δ i = 0 we apply a power 
The assumption δ i = 0 in (3) for the gluon and heavy quark FFs makes a more convenient fit by reducing the minimized χ 2 -values. In the equations above, we also considered the isospin symmetry for sea quarks of proton FFs. Considering Eqs. (5) and (6) , there are 20 parameters which must be determined by fitting. In the reported parameters by AKK [16] and HKNS [23] some parameters such as N and N (5) are fixed from the beginning, i.e. a simple parameterization form is applied. In our parametrization, the starting scale µ 0 is different for various partons. The value of µ 2 0 = 1 GeV 2 is chosen for the splitting of a gluon and light-quarks into the proton and for the c-and b-quarks it is taken to be µ According to the partonic structure of the proton, the proton FFs can be applied for the anti-proton as
C. Experimental data and our analysis
In our fits of the proton FFs, we consider SIA data from LEP (ALEPH [24] and DELPHI [25, 26] collaborations), SLAC (SLD [27] and TPC [28] collaborations) and DESY (TASSO [29] collaboration). The energy scales of the experimental data range from 29 GeV to 91.28 GeV.
Most of the precision e + e − annihilation data, however, come from the LEP and SLAC data at the energy scale of
In the data sets reported by the DELPHI and SLD, authors distinguished between four cases: fragmentation of u, d and s quarks, c quarks only, b quarks only, and all five quark flavors (see Tables I and II ). Note that in our global analysis of data sets from the ALEPH experiments we deal with data in the form of 1/N × dN p /dx p , where N is the number of detected events. This fraction is defined as the ratio of the singleinclusive e + e − annihilation cross section (e + e − → p+X) in a certain bin of x p to the totally inclusive rate, i.e. 1/σ tot × dσ p /dx p , where x p refers to the energy of proton scaled to the beam energy √ s, i.e. x p = 2E p / √ s. In Tables I and II, Tables III and IV . The method of error calculation shall be described in next subsection.
In Fig. 1 , using the NLO results for the proton FFs (Table IV) and applying the DGLAP equations, we compare our results for 1/σ tot × dσ p /dx p with SIA experimental data at µ 2 = M 2 Z reported by the ALEPH [24] , DELPHI [25, 26] and SLD [27] collaborations. In these figures we separate the light, charm and bottom tagged cross sections, and as it is seen most of the diagrams are in a reliable consistency with the experimental data. Note that, as Fig. 1 shows, due to the largeness of the χ 2 con-tribution for the SLD b-tagged data (see Table. II) some points are outside of the curves. However, χ 2 -values of the heavy quarks are usually larger than the other data and this might be caused to some extent by contaminations from weak decay. The NLO proton FFs are presented in Fig. 2 [22] that included electronpositron, lepton-nucleon, and hadron-hadron scattering data, and the HKNS FFs [23] that included electronpositron data. For more comparison we have also applied the AKK extraction of proton FFs at NLO [16] that included hadron production data in electron-positron and hadron-hadron scattering data. Comparing our model with other FF models gives a nice all-around description of our model. As is seen, our results for the heavy quark FFs are in a reliable consistency with the results obtained by HKNS collaboration. In this figure, considering the proton mass effects we also show the massive FFs (solid line) and their error bands at NLO, a topic which is explained in section III. 2 ) is the evolved fragmentation density at the scale Q 2 , then the Gaussian error propagation is defined as
where ∆χ 2 is the allowed variation in χ 2 , a j | n j=1 are fit parameters and n is the number of parameters in the global fit. H jk are the elements of the Hessian or covariance matrix of the parameters determined in the QCD analysis at the initial scale Q 2 0 which are defined as
Consequently, we can calculate the uncertainties of any FFs by using the Hessian matrix based on the Gaussian method at any value of Q 2 by the QCD evolution. The results indicate that the FFs, especially gluon and lightquark FFs, have large uncertainties at small Q 2 . More information and a detailed discussion can be found in [18, 23] .
III. PROTON MASS EFFECTS
In this section, we show how to incorporate the hadron mass effects into inclusive hadron production in e + e − reaction and into its relevant kinematic variables. The same scheme can be applied for hadron-hadron reactions. To explain our procedure, at first, we review the factorization theorem and its kinematic variables defined. Consider the following process
where the four-momenta of particles are shown in the parenthesis, and s = q 2 is the squared of the center-ofmass (c.m.) energy. By ignoring the mass of produced hadron H and outgoing partons i andī , in the c.m. frame the momenta take the following form
where we assumed that the parent partons, i.e. i andī , and produced hadron are emitted in the direction of the 3-axis. Considering the definition of the cross section, one can write
where dσ i are the Wilson coefficients in the parton level (the cross sections for the processes e + e − → iī) and D
H i
is the i → H FF. Here, x H = 2p H .q/q 2 = 2E H / √ s and z = E H /E i are the scaling variables. Since the measured observable is dσ/dx H , by defining
Considering the definition x i = x H /z, one has dx i /dx H = 1/z and, therefore, one can write dz/z = −dx i /x i so that the equation above is simplified to the following form
that leads to the relation (2). In the equation above, one has ρ 2 H ≤ x H ≤ 1 where ρ H = 2m H / √ s is the cut-off and if one sets the hadron mass as m H = 0, then 0 ≤ x H ≤ 1. Note that, to establish the factorization theorem we ignored the hadron and parton masses when we defined the scaling variables x H and x i . To incorporate the hadron mass effects we use a specific choice of scaling variables. For this purpose, it would be helpful to work 
. Considering the L.C coordinates, the four-momenta of particles in the e + e − reaction (11) are expressed as
and p i = ( √ 2E i , 0, 0). Therefore, in absence of the hadron mass, the scaling variable
Finally, the differential cross section in the presence of hadron mass reads
The above formula, established for the first time, would be a fundamental relation for the factorization theorem extended in the presence of hadron mass and it would be more effective and applicable when the hadron mass is considerable (especially, larger than the proton mass). Among all well-known collaborations, the only collaboration who studied the effects of proton mass into their calculations is AKK collaboration [16] . The AKK have used the same coordinates to include the effects of hadron mass in their analysis. Due to the data used in their analysis, they have identified the scaling variable x m = 2| p|/ √ s, where | p| stands for the three-momentum of the produced hadron, while in our analysis we use the energy scaling variable x H = 2E H / √ s. Therefore, the differential cross section (or the extended factorization formula), including the hadron mass effects computed in our work, is different with the one (dσ/dx m ) presented in [16] . The effect of hadron mass is to reduce the size of the cross section dσ/dx m at small x m , while this effect increases the cross section dσ/dx H at small x H . Besides, as was mentioned, the AKK has applied a simple parameterization form for the proton FFs by fixing some free parameters from the beginning and they have also not determined the uncertainties of the proton FFs. In Table. V, we list all experimental data sets included in our global analysis, and the χ 2 value per degree of freedom pertaining to the NLO fit including the proton mass effects. As is seen, the inclusion of the proton mass leads to a reduction of the value of χ 2 /d.o.f , which is now 1.583 in our global fit. Our results for the fit parameters, in the presence of the proton mass, are listed in Table. VI. Using the Gaussian method, their uncertainties are also shown. In Fig. 3 , using the fit parameters presented in Table. VI, the massive proton FFs (solid line) are shown at the scales Q 2 = 2 GeV 2 , 4 GeV 2 and 25 GeV 2 for the gluon and light quarks, the c-and b-quarks, respectively. Considering errors presented in Table. VI, the uncertainties of the massive proton FFs are also shown. In Figs. 4 and 5, the effect of proton mass on the parton FFs are shown at the scales Q = 29 GeV and Q = 34 GeV, respectively. The massless (dotted line) and massive (solid line) FFs are also compared with the results obtained by AKK collaboration [16] , who used the proton mass effects too. As it is seen, the mass of the proton affects the FFs of the gluon and light quarks d and u. It is also seen that our results for the gluon, d-and u-quark FFs deviate from the AKK extractions of FFs; however the data sets and the extended factorization theorem in their analysis are different. In Fig. 6 , our results for 1/σ tot ×dσ p /dx p in the presence of massless and massive protons are compared with the data from the TPC collaboration at Q = 29 GeV. In Fig. 7 , the same comparison is done with the data from the TASSO collaboration at Q = 34 GeV. Note that the effect of the proton mass is that it reduces the size of the differential cross section at large x p . This is needed to improve the fit when one works with data from TPC. As is shown, the effect of the proton mass is that it increases the size of the cross section at small x p so that improves the fit when we work with the data from the TASSO collaboration, see Fig. 7 . GeV. The effect of proton mass is also considered in the solid curve.
IV. ENERGY SPECTRUM OF THE INCLUSIVE PROTON IN TOP QUARK DECAYS
In this section, we apply the massive proton FFs to make phenomenological predictions for the energy spectrum of protons produced in unpolarized top decays
where X stands for the unobserved final state. Both the b-quark and the gluon may hadronize into the produced protons, while the gluon contributes to the real radiation at NLO. Generally, to obtain the energy distribution of the produced hadron H, we employ the factorization theorem 
, which is now expressed as
where, as in [4] , we defined the scaled-energy fraction of the hadron as
and dΓ/dx i are the parton-level differential decay rates of the process t → i + W + (i = b, g). The NLO analytical expressions for the parton-level differential decay widths dΓ/dx i are presented in Refs. [3, 4] . In [40] , we studied the effects of parton and hadron masses on the hadron energy spectrum produced through top decays. In (24) , the factorization and the renormalization scales are set to µ R = µ F = m t = 172.9 GeV and we also set m b = 4.78 GeV, Λ N LO = 231 MeV and m W = 80.39 GeV. In Fig. 8 , to show our prediction for the energy spectrum of produced protons we study the size of the NLO corrections, by showing the total result (solid line), and comparing the relative importance of the b → p (dashed line) and g → p (dot-dashed line) fragmentation channels. As is seen, the gluon contribution (dot-dashed line) is negative and appreciable only in the low x p region. For higher values of x p (x p > 0.3) the NLO result is practically exhausted by the b → p contribution, as expected [4] . Note that the contribution of the gluon FF cannot be discriminated. It is calculated to see where it contributes to dΓ/dx p . So, this part of the plot is of more theoretical relevance. In the scaled-energy of hadrons, as an experimental quantity, all contributions including the b-quark and gluon contribute. In Fig. 9 , our prediction for dΓ(t → p + X)/dx p is compared with the result Figure 9 : Result for the partial decay rate dΓ/dxp is shown using the extracted (b, g) → p FFs in the presence of the proton mass. We also show the same distribution using the FFs presented by AKK [16] .
obtained by using the FFs extracted by the AKK collaboration [16] . Considering Figs. 4 and 5, it is seen that our results for the b-quark fragmentation function are in good consistency with the results extracted by the AKK for the values higher than z ≥ 0.1, then one expects to have the same results for the dΓ/dx p in both analysis.
V. CONCLUSION
We determined new nonperturbative fragmentation functions for the proton in the parton model of QCD through a global analysis on SIA data at the LO and NLO approximations. Our new parametrization of the proton FFs covers a wide kinematic range of z, in the presence of the extra term (1 − δ i e −γiz ) which controls the medium-z region and improves the accuracy of the global fit. Fig. 1 represents the comparison of our model with SIA experimental data and shows that our model is successful. We determined the FFs of gluon and light quarks at the initial scale µ . Their evaluation was performed by using the DGLAP equations. Our analysis was based on the ZM-VFN scheme, where all partons are treated as massless particles and the nonzero values of the c-and b-quark masses only enter through the initial conditions of the FFs. Comparing to other collaborations we also considered the effects of the proton mass on the FFs and showed that this effect improves the accuracy of the global fit, specifically for the data from SLAC (TPC collaborations) and DESY (TASSO collaboration). The proton mass affects the light and gluon FFs while for the heavy quark FFs this effect is less important. The advent of precise data from LHC offers us the opportunity to further constrain the proton FFs and to test their scaling violations. This situation motivates the incorporation of proton mass effects into the formalism, which are then likely to be no longer negligible. The mass of the proton also sets a bound on the scaling variable x p ≥ 2m p / √ s. Finally, as an application, we used the computed FFs to study the scaled-energy distribution of protons in unpolarized top quark decays. At LHC, the scaled-energy distribution of hadrons in top decays enables us to deepen our knowledge of the hadronization process. The universality and scaling violations of the proton FFs will be able to be tested at the LHC by comparing our NLO predictions with future measurements of dΓ/dx p .
Besides NLO corrections, some other corrections can improve our analysis. In future work, we plan to extend the method developed in [41] in the framework of e + e − annihilation to resum large logarithmic terms, due to soft-gluon radiation, to all perturbative orders in the QCD coupling α s .
